Emilio Luis Séenz Guillén BAYES

Doctoral Researcher in Actuarial Science BUSINESS SCHOOL
CITY ST GEORGE'S
UNIVERSITY OF LONDON

AS1056 - Chapter 7, Tutorial 2. 28-11-2024. Notes.

Exercise 7.8 If f and g are Riemann integrable, let Siower(f, 1), Supper(f,7), Slower(g,n) and
Supper(g,n) be the lower and upper Riemann sums for f and g, respectively, when calculating
fol f(z)dz and [y g(z)dz using the subintervals of n.

(i) What could you use for the lower and upper Riemann sums for fol (f(z) —g(x))dx

(ii) Can you use a limiting procedure as n — oo to prove that

[ U@ g = [ s [ g

Solution:

o fand g are Riemann-integrable over [0, 1] (note that this does not mean that f — g is Riemann-
integrable).

° Slower(f7 n), Supper(fu n), Slower (g, n), Supper (97 n)

Thus, what we are asking is similar to what the lecture notes provide, but in this case, for a = 1.

(i) Over the generic interval {%, ﬂ we know that:

{fhlower < f(x) < fi,upper

i lower < g(-%') < Giupper = —Yi,upper < —9(90) < —Yi,lower
Therefore, over [%, ﬂ, it is also true that:

fz',lower — Gi,upper < f(l?) - 9(55) < fi,upper — i, lower-

Summing up filower — 9i,upper OVer n (equidistant) sub-intervals we see that what we can use
for the lower Riemann sum for f — g is:

1 & 1 & 1 &
- Z (fi,lower - gi,upper) = - Z fi,lower - Z Gi,upper = Slower(fa n) - Supper(gv TL)
n =1 n =1 n =1

by linearity

Similarly, we see that what we can use for the upper Riemann sum for f — g is:

1 n
E Z (fz',upper - gi,lower) = Supper(f, 7’L) — Slower (97 7’L)

i=1
Let me briefly refer to the illustrative example that you have at the beginning of your lecture
notes, that presented Riemann sums as the ‘sum of rectangles’: in here the width of each of
our ‘rectangles’ is just the length of each of the n sub-intervals that we have over the interval
[0, 1], which is equal to % = %; the height of each ‘rectangle’ is just f; upper — gilower, for
1=1,...,n.



(ii) By construction of the Riemann sums we always have that:

Slower fa / f dx < Supper(f: ) (1)

Indeed, note that if you always choose the smallest value of the function on each interval, the
Riemann sum Siower(f,n) must be an underestimate of the Riemann integral fol f(z)dz. If
you choose the largest value of the function on each interval, you will get an overestimate,

Supper(f,1), of [y f(x)dz

Moreover, because f is Riemann integrable we know that:

hm Slower f7 / f
lim Sypper(f, 1) / f(x

n—0o0

In other words, and using the ‘alternative definition’ provided in the slides, for any € > 0
there exists some ng(f), such that for n > ng(f):

/01 f(z)dz — Siower(fyn) <e/2 = /01 f(x)dx — /2 < Siower(f, 1)

1 1
supper(f,n)—/o f(2)dz < /2 = Supper(fs1) </0 F(x)dz + /2

Hence, combining 1 and 2, for n > no(f) we have that:
/ f $_5/2<Slower f, / f d$<Supper fu / f dﬂj+€/2 (3)

Similarly, because ¢ is Riemann integrable , for any ¢ > 0 we can find ng(g) such that for
n > no(g):

1

1 1
/ g(z)dr — /2 < Siower(g,n) < / g(x)dz < Sypper(g,n) < / g(z)dr +¢/2
0 0 0

or,

1

1 1
- [ g@ydz —e/2 < ~Sumalgm) < - [ g@)dz < ~Simerlg.n) < - [ gladdz /2 (1)
0 0

0

Therefore, combining 3 and 4, we can conclude that as long as n > max{ng(f),no(g)}", we
have that:

1 1
/ f(!L‘)dLL' — / g(l’)de —e< Slower(f7 n) - Supper(g7n) S
0 0

Riemann lower sum of f — g

< 1f(x)da:— 1g(x)dx (5)
0 0

< Supper(fa ) Slower ga / f d!L‘ - / (x)dx +e

Riemann upper sum of f — g

'Saying n > max{no(f),no(g)} is the same as saying ‘for both n > no(f) and n > no(g). And note 3 needs
n > no(f) to hold and 4 needs n > no(g) to hold.



Note that we just got fol f(x)dx — fol g(z)dz bounded by the Riemann lower and upper sums
we derived in (i). Recall that the results obtained in (i) imply:

1
Slower(fa ’I’L) - Supper(ga n) < /O (f(l') - Q(ZU)) < Supper(f, n) - Slower(g7 n) (6)
Combine 5 and 6 and note that we obtain:
[ sz~ [ gtertr—< < [ (@) - @) < [ f@rie— [ garde e

that is,

<e€

[ 6@ - g@nde— ([ s@e - [ gy

Hence, and since € can be whatever positive number we want, letting ¢ — 0, we get the
desired result:

1 1 1
| t@da— [ glwris = [ () - gla)).
0 0 0
Alternatively, we could also have reasoned as follows. Given that:

1
Slower(f’ 77,) - Supper(ga n) < A (f(l‘) - g(x)) dx < Supper(fa n) - Slower(ga TL)
1 1
Slower(f7 TL) - Supper(ga n) S /O f(x)dm - /0 g(l‘)dl’ S Supper(fa n) - Slower(gv n)

we can take the limit on both sides and by Riemann integrability conclude that since:

lgn (Slower(fa n) - Supper(ga ’I’L)) = 1Lm Slower(fa TL) - 1Lm Supper(ga n) = S(fv TL) - S(ga n)

by linearity of the lim by Riemann integrability
nh—>HC>lo (Supper(fv n) - Slower(ga n)) ? nh—>nc}o Supper(fa 77,) - nh—>n;>lo Slower(ga TZ) ? S(f7 n) - S(g, TL)
by linearity of the lim by Riemann integrability

it must be the case that:

— [ e~ [ gz = [ (@) - 9@



Additional exercise.

(i) For K > 0, calculate

Note that,
d 1 d 1
Tp P (—:U2> =~ OXP (—2x2> = rexp (—m2>
—_——
:—zmm(—%rﬂ
thus,

K 1 1 K 1 1 .
/ T exp (—2x2> = [— exp (—23:2)} —exp | —=(=K)*| —exp —§K2 Kooy
K

(ii) Given that

calculate:
1.

/_O:O:Uexp (—;(x — u)2> dx

Let us use the following substitution:

© 1 © 1

/ T exp (—2(95 - M)2) do = / (y + p) exp (—2y2> dy =
© 1 © 1

/ Y exp <2y2) dy +;L/ exp <2y2) dy = puvV2r.

—00 —00

=0 (see (1)) =V2r
2. Applying the same substitution as in 1:

o0 2 1 2 *° 2 1 2
/ yrexp | —5(z—p) dw:/ Yy~ exp | -5y~ | dy.
—00 2 —0o N~ 2

=YXy

We will need to apply integration by parts. Consider,
u=y;du = dy

1 1
dv = yexp (—2y2> dy;v = —exp (—2y2>



then,

/ y“exp (—5(z —p) dx:/ y° exp | —=y |dy =
e 2 —o0 ~~ 2
=yxy

1 2 o0 oo 1 9
= |—-yexp| —3zY +/ exp | —=y° | dy =
2° )l Joo 2
1 1
= Jim_yexp (—507) ~ fim yesn (- 57) +v27 = Vor
y——0o0 2 Y—>00 9

=0

=0



