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Refreshing some concepts: Second-order linear ODEs

A second-order linear differential equation is one of the form:

The general solution of a second-order linear ODE can be written as:

y(x) = nlx) + Yo(2)
——

particular integral complementary function

where 1 and yq respectively satisfy:

— 1'(x) + a(x)n(x) + b(z)n(z) = f(x)
— Yo () + a(@)yp(x) + b(x)y(r) =0
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How do we find 7(z) and y,(z) ?

4
2

# n(x): generally a matter of guesswork, guided by the form of the function f.
# yo(x): in case of constant coefficients, auxiliary equation method.

w2

The auxiliary equation method provides a straightforward way to find solutions to
the complementary function of a linear ODEs with constant coefficients.

N4ar+b=0

which has roots A1 and A\. Depending on the sign of the discriminant we have:
< Ifa® —4b > 0, A\ 75 A9 and:

— yo(2) = AeM?T + Bet?®
s Ifa? —4b < 0, \; = p+iv, Ay = p — iv and:

— yo(z) = e (Ae™* + Be ") = e ** (C cos(vz) + Dsin(vz))
cfa? —4b=0,A = Xy = prand:

— yo(z) = (Az + B) !
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Exercise 15.10

An object is taken up to a height 10 km and is dropped. It accelerates under gravity
but is subject to air resistance, which is proportional to the square of the speed. Let
x(t) represent the height of the object at time ¢, v(t) its speed in a downwards
direction. Then
dx dv
T=ut), =g’

(i) Solve the second equation by partial fractions if v(0) = 0.

(i) Show that lim;_, o v(t) = \/g% (This is the concept of “terminal velocity”, a
speed when deceleration due to air pressure balances the acceleration due to
gravity.)

(iii) Show that x(t), measured in metres, is given by

In(2 1
z(t) = 10* + @ _1 In (et‘/ﬁ + eft\/ﬁ>
c c

(iv) Use the values g = 10ms~—2, ¢ = 0.001m " to show that the object hits the
ground approximately 100 seconds after it was released.
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Exercise 15.8

Two functions z(t) and y(¢) satisfy the differential equatlons =4y — 2z,

9 =1 4 In(z).
(|) Define X (¢) = In(x(t)). Rewrite the two DEs in terms of X and y.

%:1+ln(ex):1+X

(i) Obtain a second order DE for X.

d*X d
4% Y
dt? dt
(iii) Show that X (t) = —1 is a particular integral and use this to find the general
solution for X and y.
(iv) Evaluate the arbitrary constants in the case where the boundary conditions are
2(0) = 1, y(0) = 1. Hence write down the solutions x(¢) and y(t) for all ¢ > 0.

=4(1+X)or X —4X =4
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