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Exercise 13.5
(i) Let us start by simplifying the Cartesian expression of the point z that we were provided:

(1+i)2+i) 2+4i+2i—1 (1+3)B+i) 3+i+9—3 10i

3 3 9+1 10 10 ¢

Then,

er=1z|=i|=/0+1=1

e z =rcos(f) +irsin(f); arg(z)0 =73
=0 =1

hence, the polar expression of z is:
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(i) We are given a point z expressed in Cartesian form. Let me start calling z; = 2 + 2i and
29 = 2 — 214, that is:

ME]

2=V2+2i—V2-2i=/z1— 2

Note that z; and z9 are conjugates of each other. Let us start working with z; = 2 + 24, and
noticing that:

— the complex number z; = 2 4 2i is represented as the point (2,2) in the Argand diagram;

— this point is located at a distance of r = |z1| = |2 + 2i| from the origin, i.e.,
r=|z|=2+2i = V22 +22 =8

— And, since tan(f) = Coegzgige%ftlﬁigeﬁagrﬁart = 2, ie., arg(z1) = 0., = T, we know that the

Y
angle z1 describes with respect to the z-axis of the Argand diagram is § = 45°.

Hence, z; can be expressed in polar form as:

21 =2+2i=+8 {cos(i) —{—isin(Z)} = \\(Ei e'T = 23/262%; V2= V2420 = 23/4¢1%
:(23)1/2

Similarly, given that 2o = 2] is the complex conjugate of 21, we can easily derive ,/z3:

V72 = V2 —2i = 28/%e75



Note that both for |/z1 and /zg, I just took the principal square root (check section 13.5.4 of
the lecture notes).

Working on z we now get:

z:\/2+2i—\/2—2i:23/4[cos< >—1—zsm( )—eos(—;r) —z'sin(—gﬂ -

—cos<§> ——sin(3)

— 93/ y 9 % zsm( ) — j27/4 sm(g> _ o4l V2 = i23/4/V/2(vV2 — 1)
=23/ /2 —1=i2v/vV2 -1

which is is a purely imaginary positive number, and where sin(§) = £1/v2 — 1. Finally,

>0
——

o r=|z|=|v2+2i—+2-2i| = |227/4SID< )|—27/4sm(7§) =2\/v2-1
/]\

lil=v0Z+12=1

o z=rcos(f) +irsin(f); 0=
=0 =1

B

Therefore, z can be expressed in polar form as:

222\/\@—1><e’%.



sin(%)? Let us recall the double angle formula for the cosine:
cos(260) = 1 — 2sin?(9)

Then for § = § we have,

L2 TN 4 ™ _2—\/§
2 sin <8>—1 COS(4>— 2
——

sar(S) -2t 2an(Z) —iin w(5) -7

cos(%) ? (We will use this in the alternative solution as follows) The double angle formula for the

cosine also tells us that:

o

cos(26) = 2cos*(6) — 1

Then for 6 = ¢ we have,

242
COS(Z) = 2 cos? (g) -1 \f2+ = 2 cos? (g),
——

2+*/§=220082(g); 2+ﬂ:2cos<”>; COS<”>:W

o

Alternative solution:

One of your colleagues suggested and alternative approach to this exercise, which I think is
quite interesting to explore and therefore I present as follows. Start noting that we can write

T+ iy = v2+ 2i. Then,

2=vV2+2i—2—-2i =x+iy— (v —iy) = 2iy (1)
For instance, let us focus in x + iy = /2 + 2i:
c+iy=v2+2; (z+iy)?=2+2i; 2?2+ 2xiy+ity? =2+ 2xiy— P =2+2i

Then,
22— 2 =2,
1
20y =2 — == —
Y

Note that I have written =z = é (and not y = %) because we are actually only interested in

solving for y as Equation 1 is telling us. Then, replacing x = % on 22 —y? = 2:

1\2 1 — gt



Replace u = y? and solve:

—u?—2u+1=0
NG
2r ITIx (D x1 |m=-l-"F=-1-V2
‘T 2% (—1) - V8
U2:—1+7:—1+\/§

Replacing back, u; yields the following (imaginary) solutions for y:

yl=F—1—ﬁ= (D +v2) = iy/Va+1
<0
y2=—\/ﬁ:—i\/ﬁ

<0

On the other hand, uy yields the following (real) solutions for y:

ys =\ V2 -1
ys=—\/V2 -1

Finally, we get the following values for z = 2iy, respectively:
20 = —2/V2+1; =120 = ‘2\/\/§+ 1‘ = 2\/\/§+ 1; cos(b))=-1 = b =n
A =021 = 2| = ’2\/\/§+ 1’ = 2\/\@+1; cos(fp) =1 = 6 =0

20— i Va 1 g = 120 = Ji2y/ V2 - 1’ —2V2-1; sin(y) =1 = 6=

Z(iv):—iQ\/ﬁ—l; r4:|z(w)|:’—12\/\/5—1’:2\/\/5—1, sin(94):—1 —— 94:3?7[-

And their corresponding polar representations are:

20 = —2¢/V2 +1 :2\/Ex e
20— 2\/V3 11 =2y/V2 4+ 1 x 0
2#0) :i2\/\@—1 :2\/\/5—1 X e'%

A = o /vV2 -1 =2\/vV2 - 1x ¥

Recall that every complex number has two square roots. Therefore, for z = /2 + 21 — /2 — 2i,
since each square root —v/2 + 2¢ and /2 — 2i— can take two different values, there are four
possible combinations for these roots. Consequently, z can take up to four distinct values,
each with its own corresponding polar representation. But, why did we obtain only one polar
representation of z with the first approach to solve the exercise? The reason is that, on the
first approach, when taking the square roots /z1 and /z2, we selected only the principal square
roots (check section 13.5.4 of the lecture notes). If we had considered the secondary square
roots as well, we would have also derived four different values for z, each with its corresponding
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polar representation, by exploring the different combinations. And these should coincide with
the polar expressions we have obtained through the second approach.

Interestingly, it can be observed that () and z(") are reflections of each other across the imag-
inary axis of the Argand diagram, indicating they have the same magnitude but opposite signs
for their real parts. Similarly, 2 and 2(") are reflections of each other across the real axis
of the Argand diagram, suggesting they have the same magnitude but opposite signs for their
imaginary parts. However, it’s important to recognise that while pairs are reflections of each
other, all four representations —=z®, z(@ (i) and (@) constitute distinct polar represen-
tations of the complex number z, each with unique positions and interpretations in the Argand
diagram.

I think that a limitation of this second approach we have implemented might be the inability
to distinguish which specific z results from taking the principal square root of v/2 4+ 2¢ and the
principal square root of v/2 — 2i. Perhaps you can figure out some way to detect this distinction...

For the sake of completeness, let us check that if on the first approach we had also considered
the secondary square roots we would also get four different polar representations that coincide
with the polar representations obtained through the second approach. So, let us start writing
the square roots of z; and zs:

93/44i% 93/4,—i%

Va = {23/4€i(7r+g) _ 93/4,igr Ve = {23/46i(7rg) _ o3/4iln

Let me recall that cos(m — 0) = — cos(f) and sin(r — 0) = sin(f) and consider now the following
possible combinations:

o /21 = 93/46i3™ and zg = 23/4e71%

2= 23/4 [cos(gﬂ) + isin(gﬂ) — cos<—7r> — isin(—wﬂ .
8 8 8 8

Note that,

cos<97r> = cos<7r— (— T
8 ) 8

n(5m) == (=5)) =sn(=5) == ()

S 87r =sgin| 3 =5 g)= S 3

ool 3
N———
N————
I

|

(@)

o

wn
/T\
ool 3
N———
I
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@)

o

wn
/‘\
N———

therefore,
2 = 23/4 [ cos<w> — isin<ﬂ> — cos(—w) — isin(—w)] U cos<7r> =
8 8 8 8 8
2 2 )
iR e 1) = -2y VE 1= 20

o /21 = 23/4'5 and /23 = 93/4¢iz™

o) ) o))
z 2 |:COS(8>+ZSID<8 COS 87'(' 781N 87T



Note that,

(57) =eos(r-§) =-=s(5)
COS| =) =COS{ T — — | = —COS| —
Sin(77T> = sin<7r — 7r> = sin<ﬂ>

8 o 8 - 8
therefore,

242

2—27/4cos( > \/7 23/4\/ﬁ—2\/i—z”
Va1 = 93/40i% and V72 = 23/46—2%, which we already know that can be simplified to
z =274 sin(g> _ Z'Q\/E _ i)

N 93/4¢15™ and N 93/4gigm

9 9 7 7
_ 93/4 J e (20) Y —isin( &
z 2 |:COS(87T) +ZS]H(87T> COS(SF) ZSIH<87['>:|

Note that,
(57) = =eox(§) = == 57) = e(57)
cos| =) =—cos| = )| =—cos{m— -7 | =cos| =7
8 8 8 8
() = =n(§) =) = ()
sin({ =7 | = —sin| - | = —sin|{7— =7 | = —sin| =7
8 8 8 8

therefore,

2= 23/4 [cos(; ) — zsm(éw) ( ) — isin(éﬂﬂ — —j27/4 sin(éw) =
2 —
—§27/4 Sm( ) oAV Y7 123/4\/ 2 —1) = —i2y/ \/5

&

Exercise 13.9

p(z) = 2% — 823 + 3322 — 68z + 52

We are told that the first root is x = 2 4 3i. By the hint, we know that the second root is just the
conjugate of the latter x = 2 — 3i. To find the other two roots we can then divide p(z) by:

(—2—3i)(x —2+3i) =a? — 20+ 347 — 20+ 4 — 61 — 3T + 61+ 9 =22 — 4z + 13

Let me remind you the steps of polynomial long division:

1.

Divide the highest-order term of the numerator by the highest-order term of the denominator,
and put that in the answer.

Multiply the denominator by that answer, put that below the numerator. Subtract to create
a new polynomial.



3. Repeat the process taking now the latter polynomial as the numerator.

4. Stop when the remainder is of a lower degree than the denominator or when it becomes zero.

22— dox+ 4
22 —4x +13 ) 2 — 823 + 3322 — 68z + 52
—(2* — 423 + 132?)
423 4 2022 — 68z + 52
— (423 — 1622 + 527)
422 — 162 + 52
—(42% — 162 + 52)
0

Hence,

p(z) = (2% — 4+ 13) (2 — 4o + 4)
2
(z—2)

And therefore, the third/fourth root is x = 2.



